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Abstract--In the present paper, both nongray and nonisothermal behaviors of an infrared emitting- 
absorbing gas have been taken into account in radiative transfer analyses through the use of the noniso- 
thermal band absorptance. Consideration is given specifically to a simple system consisting of a radiating 
medium bounded by two infinite parallel black surfaces of different temperatures. Solutions are presented 
for the cases of radiative equilibrium and combined conduction and radiation. Results based on different 
methods of evaluating the nonisothermal band absorptance are also compared among themselves. 
Differences in several fundamental features are exhibited in the nongray nonisothermal solutions as 

compared to those with nongray but isothermal properties. 
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NOMENCLATURE 

total band absorptance of noniso- 
thermal gas [cm- l] ; 
total band absorptance of isothermal 
gas [cm-‘] ; 
band width parameter [cm - ‘1 ; 
line width parameter ; 
self-broadening coefficient ; 
correlation parameter [atm- ‘cm- ‘1 ; 
total black body emissive power [W/ 
cm’] ; 
Planck’s function [W/cm2/cm- ‘I; 
Planck’s function evaluated at wave 
number wi ; 
exponential integral of order n ; 
thermal conductivity [W/cm/“K] ; 
absorption coefficient ; 
distance between plates [cm] ; 
a constant in defiiing effective pressure 

PC?? 
pressure of acting gas [atm] ; 
pressure of inert gas [atm] ; 
total radiation heat flux [W/cm21 ; 

qRm 

s, 
T, 
T, 

spectral radiation heat flux [W/cm’/ 
cm- ‘1; 
integratedbandintensity[atm-1cm-2]; 
temperature [“K] ; 
temperature profile due to conduction 
alone [“K] ; 
dimensionless coordinate, C&, L; 
physical coordinate [cm] ; 
optical coordinate; 
wave number [cm-‘] ; 
band center of ith band [cm- ‘I. 

Subscripts 
h, equivalent homogeneous quantity ; 

1, plate at y = 0; 
2, plate at y = L. 

1. INTRODUCTION 

RECENT developments of high temperature 
systems have motivated studies of radiative 
transfer in an emitting-absorbing gas. Realistic 
solutions of these types of problems, even in a 
very simple geometric system, are difficult to 
obtain because of the frequency- and tempera- 
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turedependent radiation properties of the gas. 

Ney York University, Bronx, New York 10453, U.S.A. In order to account for the nongray behavior, 
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band absorptance [2-4] has been employed in 
the radiative transfer analysis. These treatments, 
however, are confined to the systems with small 
temperature variations only, since the tempera- 
ture dependence of the radiation properties was 
not considered. To include both nongray and 
nonisothermal effects in the study of heat 
exchange in combustion chambers, Hottel and 
his co-workers [5, 61 have employed a three- 
gray-band approximation for the total emissivity. 
On the other hand, in the analysis of a turbulent 
thermal entrance problem with small radiant 
perturbation, Nichols [7] has made use of the 
isothermal band absorptance evaluated at a 
mean temperature, defined from some simple 
considerations on the temperature dependence 
of gaseous absorption characteristics. Mori and 
Kurosaki [8]. and Edwards and his co-workers 
[9, lo] have also considered radiative transfer 
in nonisothermal gases by using the spectral 
absorption coefficient either in its optically thin 
expression or in its high pressure expression in 
which line structure effects are neglected. Ail 
these analyses, however, have rather restricted 
ranges of applicability. 

It is the purpose of this paper to present a 
method of calculation which incorporates both 
nongray and nonisothermal dependences of 
gaseous radiation properties in radiative trans- 
fer analyses for all optical conditions. In 
order to demonstrate the combined nongray 
and nonisothermal effects, a simple system 
consisting of an infrared radiating gas bounded 
by two parallel black walls is analysed with a 
large temperature difference across two walls. 
Solutions of radiative equilibrium and combined 
radiation and conduction are presented and 
discussed in detail. 

2. ANALYSIS 

Nonisothermal band absorptance 
Since the basis of the present analysis is the 

nonisothermal band absorptance, a brief dis- 
cussion of this parameter, particularly with 
respect to its applications to radiative transfer 
analyses, is presented first. Reference should be 

made to the earlier paper on the formulation of 
the nonisothermal band absorptance [ 1 I] *. 
The nonisothermal band absorptance is defined 

%;Tir’). L] 

= $ { 1 - exp [ - [t[T(y’). (o]dy’] ] drr, (1) 

which reduces to the isothermal band absorpt- 
ante when the temperature along the line of 
sight is constant, i.e. 

Ais,[T, L] = $( 1 - exp [-k(7, W) L]) dto. (2) 
It should be noted that, in the study of the 

radiation properties of nonisothermal gases 
such as the band absorption and band emission 
in [ 111, the mass path length was employed 
since the mass path length characterizes the 
number of molecules in the nonisothermal path. 
However, for infrared radiation transport in 
most engineering systems. in which pressure is 
generally constant but temperature and density 
vary. the geometrical path length is more 
convenient to use than the mass path length 
[ 1, 3,4]. Therefore, the geometrical path length 
is used here, and the absorbing gas pressure is 
assumed constant, but the density variation in 
the gas is allowed. This is implied, for example, 
in T(y’) of (1). 

Existing information about the isothermal 
band absorptance can be effectively utilized to 
evaluate the nonisothermal band absorptance 
by way of the wide-band Curtis-Godson method 
or the series-expansion method [ 111. Even 
though these methods are not restricted to any 
particular wide-band model, it is found that 
Edwards exponential model [12] is especially 
convenient for actual numerical computations 
because the correlation parameters are known 
for most gases. Thus, according to the widc- 
band Curtis-Godson method, the three equiva- 

* Since the completion of this paper, it has been brought 
to the authors’ attention that two formulations similar 
to the present wide-band Curtis-Godson formulation have 
been independently developed by R. D. Cess and L. S. Wang 
at State University of New York at Stony Book and D. K. 
Edwards and S. J. Morizumi at University of California 
at Los Angeles. 
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lent homogeneous parameters &,,, B& and C&, 
can be obtained by solving the following equa- 
tions : 

L 

1 
C&A;,, = E 

s 
C$A, dy 

0 

(3) 

(4) 

0 

L 

C&,A,,B&, = ; C;A,B; dy. 
s 

(5) 
n 

The parameters so obtained will be used in the 
later calculations for radiative transfer based on 
the wide-band Curtis-Godson method. For 
application of the series-expansion method, the 
evaluation of the nonisothermal band absorpt- 
ante is rather straightfo~ard, once the Edwards 
model is chosen [ 111. 

With regard to the application of the non- 
isothermal band absorptance to radiative trans- 
fer calculations under optically thin conditions, 
it should be noted that the nonisothermal band 
absorptance in the optically thin limit becomes 

A = kp.SdL. = P, jSddy (6) 
0 

where S is the integrated band intensity. By 
expressing the isothermal band absorptance (2) 
in the same limit 

Aiso = P$L (7) 

and noting that S = CiA,, S,, = C&A,, and 
(3), it is realized that precisely the same expression 
as (6) is given by the wide-band Curtis-Godson 
method, despite the approximate nature of the 
formulation. Indeed, the validity of this formu- 
lation is further confirmed here. 

With the help of the nonisothermal band 
absorptance, it is now possible to have a general 
systematic formulation of infrared radiative 
transfer in nongray nonisothermal gases. In the 
present work, equations of radiative equilibrium 
and combined conduction and radiation for a 

simple system are reformulated and solved 
numerically. The formulation is similar to that 
of Cess et af. [3, 41 except that effects due to 
nonisothermal radiation properties are included 
here. 

Radiative equilibrium 
The system under consideration consists of 

an infrared radiating gas bounded by two 
infinite black plates. The plate at y = 0 is 
maintained at temperature T, and the other at 
y = L is T,, where y is the geometrical path 
perpendicular to the plates. The total radiative 
flux is [13], 

GJ_Y) = 1 qRo do = eI - e2 

+ 2 $ do ‘[ [e,(t) - elol E,(T, - t) dt 

- 2 1 do “’ E’e,(t) - e2J E,(t - ~Jdt (8) 
%> 

where 

t, = i k C T(y’), ul dy’. 

For radiative equilibrium, qR is constant with 
respect to y and thus q&y) = qR(0). 

Now, if the order of integration is inter- 
changed and the exponential integral function 
is approximated by an exponential function 
according to the kernel-substitution technique, 

El(t) ‘v 2 exp ( - 3t,/2). (9) 

Equation (8) can be written as follows, 

q&) = e1 - e2 -I- $ i dy’ 1 dw (e,PWl 

- q,) M?TY’XWI exp ( - 4 1 Wb”), 01 dy”) 
Y 

- 3 !W 1 dw ieJ’W1 - GJ NYY’I, 01 

x exp { - $ j k[ T(y”), w] dy”). (10) 

For a radiation spectrum consisting of several 
vibration-rotation bands, the integration over 
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the entire range of wave number is equivalent 
to the summation of integrations over these 
individual bands. In addition, the Planck func- 
tion in the integrand can be approximated by 
its value evaluated at each band center. Then 
in view of the definition (1) equation (10) can 
be expressed as 

q&) = el - e2 + $ % dy’? ~GJJ"(Y'H 

- fhLJ 4tT(Y"'MY - Y')l 

- $5 dy’ 7 (e,JTW)l - e20i) -~[T(Y"), 

3Y' - Y)l (11) 

where 

A;[ T(o), [] = dA(;p. Cl (12) 

Ai [ T(Y"'), 3fY - Y')l 

=Jadw[l -exp 

!_ I f’y[y” k [ T(y”‘), CO] dg}] 

= i_ dw [ 1 - exp { - 3 \ k[T(y”‘), CO] dy”‘)] 
4, 

(13) 

and y”’ = j((tl t y’), y” = $(q + y). The implicit 
independent variables of each element have been 
carefully indicated in order to avoid possible 
confusion when different methods of evaluating 
the nonisothermal band absorptance are em- 
ployed. For instance, in accordance with the 
wide-band Curtis-Godson formulation, the func- 
tional form of A is 

A~:T(Y”‘), XY - Y’JI = 4soCAOh* SZ,, CL 

%Y - Y7-J (14) 

where from equation (3) 

equations (4) and (5). For the Hottel method, 
which corresponds to a simplified version of 
the series expansion method [Ill, there results 

A’[T(y”‘), 3(y - y’)] = Ai,,tT(Y’), %Y - Y'JI . 

(16) 

Combined radiation and conduction 
In this case, the energy equation is 

Kd2T dq, 
dy2=dy (17) 

with the boundary conditions T = Tl at y = 0 
and T = T2 at y = L. Since the present study 
concerns primarily effects of the nongray non- 
isothermal radiation properties of the gas on 
radiative transfer, the thermal conductivity of 
the gas will be assumed constant, and will be 
evaluated at the average value of the two wall 
tem~ratures. Integrating equation (17) twice 
with respect to y and applying two boundary 
conditions, there follows 

h 

(18) 
where 

(19) 

(20) 

and q&) is given in (11). The first term on the 
right-hand side of equation (18) is the tempera- 
ture protile due to conduction alone while the 
last two terms denote the radiation contribu- 
tion. This contribution can be either positive 
or negative, depending on local conditions and 
thermal radiation properties of the gas. 

Y 

Gtt&ll = & 
s 

G; [ T(y”‘)l A, [ T(y”‘H dY”’ 
3. NUME~CAL RESULTS AND DISCUSSIONS 

Y’ (1.9 
The non-iinear integral equations (11) and 

and similar expressions can be obtained from (18) are solved numerically by the method of 
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undetermined parameters. The unknown di- 
mensionless temperature profile is approxi- 
mated by a Nth degree of ~lynomial 

with (N + 1) coefficients to be determined. 
Each governing equation is applied at (N + 1) 
values of y, giving (N + 1) simultaneous trans- 
cendental equations. The solution of these 
equations is accomplished by the Newton- 
Raphson method [14], by which the solution 
always converges and usually converges very 
rapidly. Wherever integration is necessary, it 
is carried out by use of the Gaussian quadrature 
formula. For the present calculations, the 
highest degree of polynomial required to yield 
satisfa~to~ results is the eleventh. 

A large temperature difference across the 
plates was imposed for all computations with 
Ti = 400% and T2 = 1500°K. In all these 
computations, a correlation of the isothermal 
band absorptance is needed, and the Tien- 
Lowder correlation [15] is employed here on 

08 
A L= IOcm pa= I atm pp0 
B L- Icm ,0,=0,2&m ~=iOatm 

Wide- band Curt is- Godson 
- method 
-*-*- Hottel method 
---- Based on Isothermal band 

absorptance 

I 2 / I I J 
0 02 04 0.6 08 10 

Y/L 

FIG. 1. Temperature profiles of radiative equilibrium. 

account of its simple continuous nature, i.e. 

(22) 

where 

U = C&L, t = %b, 

Pt? = [(Pa + ~o~*~~~ol~ 

f2 = 2.94 [l - exp ( - 2*6t)]. (23) 

Figure 1 shows the results of CO, gas at 
radiative equilibrium, based on the three different 
methods : the wide-band Curtis-Godson 
method, the Hottel method and the method of 
using simply the isothermal band absorptance. 
In the calculation based on the isothermal band 
absorptance, the reference temperature is taken 
as the average value of two wall temperatures. 
Since for CO, the 4.3~ vibration-rotation band 
is much stronger than other bands, only the 
4.3-p band is considered in the numerical cal- 
culations for the sake of simplicity. Two cases 
representing very different absorption character- 
istics were selected for numerical comparison. 
In terms of isothermal band absorptance, Case B 
and Case A represent respectively the two 
asymptotic absorption behaviors : the linear and 
the logarithmic. For Case A the Hottel method 
gives the lowest value and the isothermal band 
absorptance method the highest but the opposite 
is true for Case B. This peculiar behavior of 
flipping over, combined with the fact that the 
wide-band Curtis-Godson results fall in between 
those of the two other methods, lends further 
support to the conclusion [11] that the wide- 
band Curtis-Godson method is more general 
and accurate than the others. 

It is interesting to note that, if only one band 
is considered in the method of using the iso- 
thermal band absorptance, the dimensionless 
Planck function, ie, - el&(eza, - e,,), evaiu- 
ated at the band center is always anti-symmetric 
with respect to its value at the midpoint 
y = L/2, as can be proved readily from (11). 
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Similar feature has also been found in the gray 
solution [ 131. However, this is not true when 
the temperature dependence of radiation proper- 
ties is taken into consideration. As is shown in 
Fig. 1, the wide-band Curtis-Godson solution 
is not anti-symmetric with respect to any point 
at all. For a gas with several significant vibration- 
rotation bands, it can be shown from equation 
(11) that the property of anti-symmetry no 
longer exists even for the case where isothermal 
band absorptance is employed. 

Table 1. Rdiatiuefluv ( -qRie,) of radiative equilibrium 

L (cm) 

Wide-band CurtissGodson 
method 

Hottel’s method 
Method based on isothermal 

band absorptance 
Transparent gas 

1 10 

195.029 189.481 
195.038 189.491 

194.887 189.727 
196.754 196.754 

Radiative fluxes for these cases shown in 
Fig. 1 are tabulated in Table 1. These values do 
not show any significant differences among one 
another mainly because the gas under considera- 
tion is not strongly absorbing and consequently 
they are all near the limiting value based on a 

IO 
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- method 
:,=: Based on Isothermal band 

absorptanca 

I I I 

0 02 04 06 08 IO 
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FIG. 2. Comparison between nongray nonisothermal and 
nongray isothermal solutions of radiative equilibrium. 
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transparent gas. Furthermore, it should be 
noted that the present analysis and calculations 
were based on the one-band gas model. In actual 
applications, especially for large path lengths, 

600 - 

‘E 
0 

-0 

P’ 

Pure Ii,0 

I atm 

I I I 1 
0 20 40 60 80 I 0 

L, cm 

Ftcj. 3. Isothermal band absorptance of 2.7-u band of water 
vapor. 

not only all fundamental bands must be con- 
sidered, but also many overtone and combi- 
nation bands may no longer be negligible. 
For such cases, significant differences may occur 
among the resulting fluxes based on various 
methods of evaluating the nonisothermal band 
absorptance, but the numerical computation 
involved will become quite formidable. 

It might also be expected that the nongray, 
nonisothermal results should lie somewhere 
between the two solutions obtained by using 
the isothermal band absorptance with the 
reference temperature evaluated, respectively, 
at two extreme temperatures of the system. 
This is, however, not always the case. For 
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instance, in Fig. 2, which shows the solution of 
radiative equilibrium for the 2.7-u band of 
water vapor, the wide-band Curtis-Godson 
solution sometimes overshoots the other two 
solutions. The lack of the anti-symmetric be- 
havior with respect to y = L/2 in nongray 
nonisothermal solutions as shown in Fig. 1 
will result indeed in such an overshoot. But, in 
addition, it should be realized that the value of 
the isothermal band absorptance evaluated at a 
given temperature may not even fall into the 
range bounded by the two values corresponding 
to a higher and a lower temperature. This is 
clearly illustrated in Fig. 3. 

Pure CO2 4.3pband 
p,=l atm 

08- 

Wade-bond Curtis-Godson 
- method 
--- Based on isothermal bond 

absorptonce 

0 02 0.4 06 08 

y/L 
FICZ. 4. Temperatu~ profiles of combined conduction and 

radiation. 

For combined conduction and radiation, Fig. 
4 shows the result of CO, gas based on the 
wide-band Curtis-Godson method. For com- 
parison the result obtained from the method of 
using the isothermal band absorptance is also 
presented. The difference between the two results 
is more pronounced when the opacity of the 
gas is increased. It can also be seen that the 
effect of radiation is to raise the temperature in 
the cold region and to lower the temperature 
in the hot region, resulting in an increase of the 
mean temperature of the system. As is expected, 

the total heat flux (Table 2) decreases with the 
increase of opacity. 

Table 2. Total heat flux (-q/e,) of co~~bined co~dsfction 
and radiation 

L (cm) 1 40 
-- __.-.- 
Wide-band Curtis-Godson 

method 198.526 187.722 
Method based on isothermal 

band absorptance 198.455 1X7.980 
. . .._ -.-___~.. _.. .-..._____-...-.. __~. 
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RAYONNEMENT THERMIQUE INFRAROUGE DANS DES GAZ NON GRIS 
ET NON ISOTHERMES 

RCumt% Dam cet article, on tient compte du comportement d’un gaz non gris et non isotherme a I’infra- 
rouge. a la fois absorbant et emettant. a nartir de I’utilisation d’une bande d’absorntion non isotherme. On 
prerid’en consideration un systbme simple consistant en un milieu rayonnant hmite par deux surfaces 
noires paralleles et infinies a temperatures differentes. On donne des solutions pour des cas d’equilibre 
de rayonnement et de rayonnement et conduction combines. Les resultats bases sur differentes methodes 
d’tvaluation de I’absorption spectrale non isotherme sont aussi, compares entre eux. Lcs differences 
entre plusiers faits fondamentaux sont dtgagtes a partir des solutions pour un gaz non gris et non isotherme 

en comparaison avec celles relatives a des proprittes non grises mais isothermes. 

WARMEOBERGANG DURCH INFRAROTE STRAHLUNG IN NICHT-GRAUEN, NICHT- 
ISOTHERMEN GASEN 

Zusammenfassung-Im vorliegenden Beitrag werden beim Energietransport durch Strahlung sowohl 
die nicht-grauen als such die nichtisothermen Eigenschaften eines Gases, das im Infrarotbereich emittiert 
und absorbiert, mittels der nicht-isothermen Bandabsorption beriicksichtigt. Speziell wird ein einfaches 
System betrachtet, das aus einem strahlenden Gas zwischen zwei unendlich grossen, parallelen, schwarzen 
Oberfllchen verschiedener Temperatur besteht. Die Liisungen sind angegebcn fur den Fall des Strahlungs- 
gleichgewichts und den Fall kombinierter Warmeleitung und Strahlung. Ergebnisse, die auf verschiedenen 
Auswertemethoden der nicht-isothermen Bandabsorption beruhen, werden aucb untereinander verglichen. 
Die verschiedenen charakteristischen Unterschiede der nicht-grauen und nicht-isothermen Ltisungcn im 
Vergleich zu den Ergebnisscn fiir nicht-graue, aber isotherme Verhaltnisse werdcn aufgezeigt. 

TEHJIOrIEPEHOC klH@PAHPACHbIM I13JIYrIEHHEM N HECEPl,IX 
HEBSOTEPMB~ECKMX rA3AX 

hHOT&I(lIJI--A Ilpe;lCTaBJP2HHOii CTaTbe Ilptl aHaJIkl3e JIJ'WCTOI-0 TfSIJIOO6Meli3 C IlOMO~blO 

uensoTepMn4ecuoti no~~ocbr IIOrJIO~eHLlR J'WlTbIBaeTCFt HeWpOe II ner4aoTepMusecuoe 
noue~eune nri@panpacuo nanysatomero II nornomatomero ra38. 0~060 paccr+raTpnsaeTcn 
npOCTaR CklCTeMa, COCTOfllI@H 113 tl3JIjWllOIl&t CpeRbI, OrpaHWleHHOfi RByMR 6WKOHWHEJMM 

IlapUIJIWIbHbIMPl WPHbIMLi IIOBCPXIiOCTHMII IlpIl pa3JIWIHbIX TeMIIepaTJ'paX. npeACTaBneHbI 

~~~~~i~~~JrFlCJI~~~~B~~YMCTO~O~~BHOB~CllR~COBMCCTHO~T~~~O~~OBO~HOCTM~Il3~~'i~H~~. 

CpaBHllBaIOTClI MWKJQ’coGoti pe3ynbTaTbI pWIeTa HISl3OTepMWlWKOfl IIOJIOCbI IIOI-JIOWeHMlI, 

nOnyqeHHbIepa3JIMYHbIMMMeTOAaM~l.n HeCepEJX Hell3OTepMMYeCKnXpeUleHnRXO6HapyltterIbI 

IleKOTOpbIe CyIIJeCTBellHbIe OTJILlVHR OT CepbIX M3OTepMIVlWKMX peIIIeIIllt. 


